It is pointed out that massive states in D=4, N=1 supergravity-matter theories can, in general, at the 1-loop level contribute non-holomorphic terms to quadratic gravitational couplings. It is then shown in the context of (2, 2)-symmetric Z N -orbifold theories that, for constant moduli backgrounds, the inclusion of such contributions can result in the cancellation of naked C 2 -terms. R
Introduction
Threshold corrections to gauge couplings have been extensively studied in the past in the context of (2, 2)-symmetric Z N -orbifold theories [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] .
These threshold corrections, which arise when integrating out the massive modes of the string, are moduli dependent, since the values of some of these masses depend on the moduli. Moduli dependent threshold corrections play a crucial role in string unification as well as for the problem of supersymmetry breaking. Similarly, threshold corrections to gravitational couplings also have been addressed in the past [12, 7, 13] . The gravitational case is, however, more complicated than the gauge case in that there are in general three different quadratic curvature terms. Thus, one has to study 1-loop corrections to three different quadratic gravitational coupling functions. Any quadratic curvature term can be expressed as a linear combination of R 2 , R mn R mn and C 2 terms. C 2 denotes the square of the Weyl tensor. From a supergravity point of view, this set forms a natural basis of quadratic curvature terms, since R 2 , R mn R mn and C 2 are contained in the highest component of the supergravity superfieldsRR, G 2 αα and W 2 αβγ , respectively. When discussing the physics of quadratic curvature terms, however, it is convenient to revert to a different basis, namely to the one spanned by R 2 , C 2 and the Gauss-Bonnet combination GB. It is known [14, 15] that the following Lagrangian,
describes the coupling of a physical scalar mode of mass m 2 ∼ 1 ακ 2 to Einstein gravity. On the other hand, it is also known [14, 15] that the Lagrangian L C 2 = − 1 2κ 2 R+βC 2 describes the coupling of ghost modes with mass m 2 ∼ 1 βκ 2 to Einstein gravity. Thus, Lagrangian L C 2 is usually viewed as describing undesirable physics. In fact, it has been argued in [16] that the appearance of such ghost modes in string theory would violate unitarity and, hence, naked C 2 -terms shouldn't occur in effective string theory Lagrangians. It was pointed out in [17, 18] , however, that since these ghost modes are at the Planck mass, they really are in a region of large momentum, for which the perturbative α ′ expansion of the effective orbifold Lagrangian is unreliable. Thus, in contrast to field theory there is a priori no reason for forbidding the appearance of naked C 2 -terms in the effective Lagrangian of superstring theory.
Nevertheless, the conventional choice [17, 18] of tree-level couplings in string theory to quadratic gravitational curvature terms is taken to be the one which describes the coupling of the dilaton to the Gauss-Bonnet combination, only. This conventional choice, to which we will stick throughout this paper, can be looked upon as a gauge choice [18] , because additional couplings of the dilaton to C 2 and to R 2 can be removed by an appropriate field redefinition of the dilaton multiplet. In the S-matrix approach this ambiguity is a consequence of an off-shell ambiguity in the subtraction of the exchanges involving massless modes. Thus, the conventional choice assumes that there is a particular subtraction scheme which, in the tree-level Lagrangian, translates into a coupling of the dilaton multiplet to the Gauss-Bonnet combination, only.
Now, let us consider 1-loop moduli dependent threshold corrections to gravitational couplings in Z N -orbifold theories. As discussed above, there is a priori nothing wrong with generating threshold corrections proportional to C 2 . As we will show, the following must hold. The moduli dependent threshold corrections to couplings are due to both massless and massive particles running in the loop. The massless contributions can be calculated in field theory using the manifestly supersymmetric procedure introduced in [13] .
Such contributions are non-local and non-holomorphic and found to be proportional not only to R 2 and to GB, but also to C 2 . When inserting vev's for the moduli background fields, these contributions turn into local non-holomorphic terms. We will also argue that there are two types of contributions due to the massive modes. The first type consists of local holomorphic contributions proportional to the chiral masses of (some restricted set of) massive states. The second type consists of local non-holomorphic contributions to the gravitational couplings of R 2 and R mn R mn . An analysis based on dimensional grounds shows that, in fact, it is a priori perfectly possible to have local non-holomorphic gravitational couplings to R 2 and to R mn R mn compatible with N = 1 supersymmetry.
Then, rewriting R mn R mn into C 2 and GB-terms yields massive non-holomorphic contributions to C 2 . Note that the massive particles never produce non-local contributions to the gravitational couplings. This is in contrast to the massless contributions which are explicitly non-local for non-constant background moduli. Thus, the effective Lagrangian will in general contain both non-local and local terms proportional to C 2 .
The tree-level Lagrangian of Z N -orbifold theories is invariant under duality transformations. Threshold corrections to gravitational couplings are expected to respect duality invariance. Duality invariance of the thresholds can be achieved by taking into account the massive contributions of the first type, namely the local holomorphic contributions proportional to the chiral masses of some set of massive states.
As argued above, the effective Lagrangian of (2, 2)-symmetric Z N -orbifold theories will in general contain both non-local and local terms proportional to C 2 , steming from the massless and the massive contributions, respectively. For constant moduli background fields, the non-local contributions turn into local ones, and the resulting effective Lagrangian will then only contain local C 2 -terms with a constant moduli dependent coefficient. As stated above, there is a priori nothing wrong with such a naked C 2 -term in the effective orbifold Lagrangian. Thus, its coefficient need a priori not be zero. Let us now nevertheless consider the possibility that, in an actual string calculation, this coefficient is actually found to be vanishing. Then, for this to be the case, it is crucial that the massive states contribute local non-holomorphic terms of the type discussed above.
Also note that even if there is such an exact cancellation of naked C 2 -terms for constant moduli background fields, this cancellation doesn't hold anymore for non-constant moduli background fields, and the effective Lagrangian will contain C 2 -terms with both non-local and local non-holomorphic moduli dependent functions.
The paper is organised as follows. In section 2 the most general local Kähler invariant superfield Lagrangian with quadratic curvature terms is given. It is followed by a discussion of the properties of the associated gravitational coupling functions. Section 3 contains a discussion of the tree-level Lagrangian of (2, 2) symmetric orbifold theories with emphasis on the tree-level couplings of the dilaton to quadratic curvature terms.
It is followed by a general discussion of 1-loop corrections to the gravitational couplings compatible with N = 1 supersymmetry.
In section 4 the manifestly supersymmetric procedure introduced in [13] for calcu- Kähler and mixed gravitational-σ model anomalies. We apply this procedure to Z Norbifolds in order to calculate the 1-loop moduli dependent contributions to gravitational couplings due to the massless modes running in the loop. We introduce a suitable parametrisation of those massless 1-loop contributions which we haven't computed explicitly, such as the one from the supergravity multiplet. Sticking to the conventional choice [17, 18] for the tree-level gravitational coupling of the dilaton, we then show, in Appendix B, that the massless modes will, in general, contribute to a naked C 2 -term; that is to a C 2 -term which is not contained in the Gauss-Bonnet combination.
In section 5, a suitable parametrisation of the moduli dependent 1-loop contributions to the gravitational couplings from the massive modes is introduced. We argue that such contributions may not only occur as local holomorphic contributions proportional to the chiral masses of (some restricted set of) massive states, but also as local non-holomorphic contributions to the gravitational couplings of R 2 and R mn R mn . Upon rewriting R mn R mn into C 2 and GB-terms, we show that massive modes may contribute local non-holomorphic terms to naked C 2 -terms. Section 6 contains our conclusions. And finally, in Appendix A it is shown for the case of the Z 4 -orbifold that the field theoretical calculation of one of the gravitational couplings agrees with the string scattering amplitude calculation [12] of the same gravitational coupling.
2. U K (1) Superspace, Fourth-Order Superfield Lagrangians and their Symmetries
In this section, we will briefly review some of the features of Kähler superspace geometry which will be relevant in the subsequent discussion. We will also discuss the structure of the most general local fourth-order supergravity Lagrangian compatible with the symmetries of Kähler superspace.
We begin with a short review of U K (1) superspace. A complete description of its properties can be found in [19] . The structure group of Kähler superspace is taken to be SL(2, C) × U K (1) and, accordingly, one introduces two Lie algebra valued one-form
A and A = dz M A M corresponding to the Lorentz and U K (1) groups, respectively. In addition, one introduces a supervielbein E M A and the associated one-forms
gauge connection defined by
where the prepotential K(Φ i ,Φī) is the Kähler potential for matter chiral superfields
the one-form A transforms as
where
and κ 2 = 8πM −2 P . M P is the Planck mass. Also, under a Kähler transformation the supervielbein one-forms E A can be shown [19] to transform as
Solving the Bianchi identities subject to a set of constraints [20] , one finds that all components of the torsion and curvature may be expressed in terms of a set of superfields and their coordinate derivatives
X α is the superfield fieldstrength of the U K (1) gauge connection. Note that the three superfields R, W αβγ and X α are chiral, that is
If we further assume that there is an internal gauge group, then we must introduce yet [21, 22, 19] as follows.
Its component expansion will be organised in powers of spacetime derivatives and we will be interested in all terms with up to four spacetime derivatives in the graviton field . At the level of two spacetime derivatives the tree-level Lagrangian consists of three parts, each specified by a fundamental and independent function. The first part, specified entirely by the Kähler potential, is the supergravity-matter kinetic energy term given by
where E is the superdeterminant. The second part, specified by the holomorphic superpotential W (Φ i ), is the potential energy term given by
Finally, the Yang-Mills Lagrangian is given by
where f (Φ i ) ab is the holomorphic gauge coupling function. These three parts, (2. 
whereas the gaugino λ α transforms with opposite charge
as does the gravitino ψ α m . The component connection for gauging Kähler transformations is given by the lowest component [21, 22, 19] of the U K (1) gauge connection superfield
Here, g ij denotes the Kähler metric g ij = ∂ i ∂jK of the matter manifold parameterized by A i andĀj. Under Kähler transformations (2.2)
The covariant derivative for matter fermions χ i α reads [21, 22, 19] 
Here, Γ 
The component expansion of the kinetic Lagrangian (2.9) reads
where we have only displayed the component terms relevant for this paper. Note that it immediately gives the correctly normalized Einstein-Hilbert action as well as making the component Kähler structure in the matter sector manifest. This is, in fact, one of the advantages of the Kähler superspace formulation, since it immediately gives the correctly normalized kinetic terms for all the component fields without any need for rescalings or complicated partial integrations at the component field level.
Next, we would like to display some of the component terms in the four spacetime derivative Lagrangian (2.12). The highest component of
ǫ mnlp R lpa b and where C mnpq C mnpq denotes the square of the Weyl tensor, which , in four dimensions, is expressable as
The highest component of
Finally, the highest component ofRR contains [23] 
We have not displayed the highest component of X α X α , as we will not consider such couplings in this paper.
Note that theRR term is contained in the highest component of W αβγ W αβγ ,only.
Also note that, from a supergravity point of view, C 2 , R mn R mn and R 2 form a natural basis of the vector space of quadratic curvature terms. The component expansion of the four spacetime derivative Lagrangian (2.12) then reads
where we have only displayed the component terms relevant for this paper.
Instead of using C 2 , R mn R mn and R 2 as a set of basis vectors spanning the vector space of quadratic curvature terms, one can also use another set of linearly independent vectors given by C 2 , GB and R 2 . GB denotes the Gauss-Bonnet combination
and is contained in the highest component of the following superfield
Both sets of base vectors will play an important role in the subsequent discussion of 1-loop corrections to gravitational couplings.
Effective gravitational couplings in (2,2) symmetric orbifold theories
In this section, we will consider (2,2) symmetric Z N orbifolds [25, 26, 27] . We will, for simplicity, restrict our discussion to those orbifolds which do not contain (1,2) moduli.
Our considerations can, however, be generalized in a straightforward way to the case of the remaining orbifolds, which do contain (1,2) moduli.
Generically, the massless spectrum [27] of the orbifolds under consideration contains a set of uncharged untwisted (1,1) moduli fields, T IJ , describing the geometry of the underlying six-torus. Among them, the three diagonal ones are denoted by
The massless spectrum also contains twisted (1,1) moduli as well as untwisted (charged or uncharged) and twisted (charged or uncharged) matter fields. The untwisted off-diagonal moduli T IJ , I = J, can be regarded as additional matter fields, and we will do so in the following. All of these fields, other than the T I , will be collectively denoted by φ i . In addition to the above fields, there is also the universal dilaton supermultiplet, present in any compactification scheme of the heterotic superstring theory.
Recall that the most general tree-level Kähler invariant supergravity-matter Lagrangian containing quadratic curvature terms is given by
In the following, we will not be concerned with the superpotential W and so we will omit it. What do the functions K, f, g, ∆ and Σ look like for the (2,2) symmetric orbifold tree-level Lagrangians under consideration? The Kähler potential K can be generically expanded in powers of φ i as
S denotes the chiral representation of the universal dilaton supermultiplet. Also,
P , where M P is the Planck mass. Note that in our conventions the chiral matter superfields φ i have canonical dimension one, while the dilaton S and the untwisted moduli T I are dimensionless. The metric Z ij , which does not depend on the dilaton S, has the following moduli dependence
where the exponents q i I depend on the particular matter φ i .
At tree-level, the holomorphic gauge coupling function f ab is given by
where k a denotes the level of the Kac-Moody gauge algebra. The holomorphic gravitational coupling function g is given by [17] 
Both f and g are universal, that is independent of the compactification scheme used.
This model independence is due to the fact that the dilaton supermultiplet arises in the spacetime sector of the world-sheet SCFT, rather than in its internal sector.
The actual form of the holomorphic coupling functions (3.33) and (3.34) is fixed by the result of particular on-shell 3-and 4-point string scattering amplitude calculations [17] . The underlying idea of the S-matrix approach is to demand the tree level Lagrangian (3.29) to reproduce the on-shell tree string theory S-matrix elements. In such scattering amplitude calculations, contributions due to the exchange of massless modes have to be extracted away. The remaining contributions due to the exchange of massive modes are organized in powers of the string tension α ′ . In an on-shell scattering amplitude, subtraction of the contribution from the massless exchanges doesn't pose any problems, yielding unambiguous results such as (3.33) and (3.34). Going off-shell, however, introduces ambiguities in the way of subtracting the massless contributions [17, 18] , that is, the subtraction scheme is not unique. At the level of the tree level Lagrangian (3.29) these ambiguities translate into having undetermined gravitational couplings ∆ and Σ. That is, in contrast to the holomorphic functions f ab and g, ∆ and Σ cannot be uniquely determined from the results of appropriate string scattering amplitudes. Now, the conventional choice [17, 18] for the gravitational couplings ∆ and Σ is
Then, the terms in (3.29) quadratic in the gravitational superfields can be combined into the superfield expression (2.28) containing the Gauss-Bonnet combination. The tree-level
Thus, the conventional choice (3.35) for ∆ and Σ assumes that there is a subtraction scheme which, in the tree level Lagrangian (3.29), translates into a coupling of the dilaton supermultiplet S to the super Gauss-Bonnet combination, only.
In fact, it has been argued that [16] the term quadratic in the gravitational superfield W αβγ W αβγ may only appear in the super Gauss-Bonnet combination, that is, the term in (3.29) proportional to W αβγ W αβγ always has to be completed to a super Gauss-Bonnet combination. Otherwise, a naked C 2 -term would appear which, when added to the Einstein term R, would lead to modified equations of motion describing the propagation of massive ghosts to gravity [14, 15] . Then, as argued in [16] , the appearance of such ghost modes in string theory would violate unitarity and, hence, naked C 2 -terms shouldn't occur in effective string theory Lagrangians. It was pointed out in [17, 18] , however, that since these ghost modes are at the Planck mass, they really are in a region of large momentum, for which the perturbative α ′ expansion of the effective orbifold Lagrangian is unreliable. Thus, there is a priori no imperative reason for the conventional choice (3.35) of the gravitational couplings ∆ and Σ. On the other hand, one can generate G αα G αα andRR terms by field redefinition of the dilaton multiplet. This can be easily seen in the linear multiplet representation of the dilaton multiplet. In the linear multiplet representation, the couplings of the dilaton multiplet L are encoded in its modified Bianchi identity [24, 28] 
(3.37) clearly shows that the G αα G αα and theRR terms can be absorbed into L by a redefinition of the linear multiplet. Thus, the conventional choice (3.35) can be looked upon as a gauge choice [18] , and we will stick to it in the following.
Having determined the tree-level dependence of the gravitational functions g, ∆ and
Σ, we now turn to the main issue of this paper, namely to the moduli dependent one-loop corrections to these gravitational coupling functions. These one-loop corrections arise in two categories. There are the finite moduli dependent threshold effects [2, 3] associated with integrating out all the massive modes contained in the orbifold spectrum. But then, there are also quantum effects due to the light modes in the theory, the massless particles, giving rise to non-local terms in the effective orbifold Lagrangian. When discussing the momentum dependence of physical couplings all quantum corrections, massless and massive, need to be taken into account.
We will, throughout this paper, assume that there is a regularisation scheme which preserves local supersymmetry. Then, at low energies,
String , the one-loop threshold contributions of the heavy modes to the gravitational couplings g, ∆ and Σ are local and parametrised as follows
As the dilaton plays the role of a string-loop counting parameter, it doesn't enter the 1-loop corrections to g, ∆ and Σ [9] . It is important to note that the requirement of N = 1 spacetime supersymmetry restricts the 1-loop correction to g to be holomorphic, whereas the 1-loop corrections to ∆ and Σ can, a priori, be non-holomorphic functions of the moduli fields T . Thus, it is important to emphasize that massive modes can, in principle, contribute non-holomorphic terms at 1-loop to some of the gravitational couplings, namely to ∆ and to Σ. We will, in section 5, give a field theoretical explanation for the possible appearance of such non-holomorphic terms. Also note that the 1-loop corrections to g, ∆ and Σ vary from orbifold to orbifold, ruining the tree-level universality of g, ∆ and Σ.
Let us point out that, similarly to the case of the holomorphic gauge coupling function f ab , there is probably a non-renormalisation theorem stating that the holomorphic gravitational coupling function g(S, T ) doesn't receive corrections beyond one-loop. Such a non-renormalisation theorem probably doesn't apply to non-holomorphic couplings such as ∆ and Σ.
The moduli dependent 1-loop contributions to the gravitational couplings g, ∆ and Σ due to the massless modes can, on the other hand, in principle be computed by field theoretical means, based on the knowledge of the massless orbifold spectrum as well as on its tree-level couplings, as we will review in the next section. These moduli dependent contributions to g, ∆ and to Σ are all non-local and, hence, non-holomorphic. Thus, it is important to notice that the non-holomorphic 1-loop contributions to g are due only to the massless modes, whereas non-holomorphic contributions to ∆ and Σ can arise both from massless and massive contributions.
The effective gravitational couplings, derived from the associated low energy effective
Lagrangian of the orbifold theory, will contain all of the above moduli dependent contributions due to both massless and massive particles. Duality invariance of the effective gravitational couplings will put constraints on the 1-loop moduli dependent threshold corrections due to the massive modes. This will be discussed in section 5.
Massless 1-loop contributions to gravitational couplings
In this section, we will compute the moduli dependent 1-loop contributions from the massless modes of the orbifold spectrum to the gravitational coupling functions g, ∆ and
Σ. As pointed out in the previous section, these massless contributions can be computed in field theory from the knowledge of the massless spectrum as well as of the massless tree level orbifold Lagrangian. A manifestly supersymmetric procedure for calculating these 1-loop contributions was presented in [13] and consists in performing the calculations in the conventional superspace formulation of supergravity-matter systems [29, 30] . Let us thus first review a few basic facts about conventional superspace and then review the supersymmetric procedure introduced in [13] .
The structure group of conventional superspace is taken to be simply SL(2, C) with the associated one-form gauge connection
A . In addition, one introduces the supervielbein E M A and the associated one-forms
Bianchi identities subject to a set of constraints [31] , one finds that all components of the torsion and curvature may be expressed in terms of a set of superfields and their coordinate derivatives:
Since they are obtained by solving the Bianchi identities with respect to a very different set of constraints, the R, G αα and W αβγ in this section are different than, and not to be confused with, the field strength solutions of the Bianchi identities in Kähler superspace.
The relation between them will be discussed later.
The tree-level kinetic superfield Lagrangian in this superspace is given by
Note that E is the superdeterminant in conventional SL(2, C) superspace and is not identical to the superdeterminant in Kähler superspace discussed earlier. 
where Σ andΣ are superfield parameters subject to the chirality conditions 
We will, in the following, be interested in the moduli dependent 1-loop contributions of the fields φ i . We will thus treat the φ i as quantum fields, whereas E, V, T I and S will be treated as classical background fields. At the end of this section we will generalize our results to also include 1-loop contributions from the massless fields E, V, T I and S.
The kinetic Lagrangian (4.7) is invariant under mixed super-Weyl-Kähler transformations of the background fields E and K 0 . Note that it is also invariant under conformal transformations as follows. These are defined by arbitrary super-Weyl transformations, as given in (4.5), accompanied by the superfield rescalings of the quantum fields φ and φ, given by
(4.9)
Before turning to the computation of the 1-loop contributions, let us expand Lagrangian (4.7) into component fields. To lowest order in the background fields one obtains
where the covariant derivatives arẽ
and where 
and the Weyl fermion χ i as
with Σ andΣ given as in (4.6). Thus, it can be readily checked that the transformation We are now poised to compute the 1-loop moduli contributions due to the massless fields φ i . We will, for simplicity, in the following only consider the contribution of one such field φ. As pointed out in [13] , there are two types of component graphs we will have to consider in conventional superspace. The first type of component graphs will be related to the computation of the trace anomaly in conventional superspace. The second type of component graphs will be due to mixed gravitational anomalies involving the component connections c m and Z i m . We begin with the component graphs relevant for the discussion of the trace anomaly in conventional superspace. These graphs are depicted in Figure 1 and Figure 2 . Prior to renormalisation these two graphs are, in 4 − 2ε dimensions, evaluated to lowest order in the background fields to be [33, 34, 35, 36, 37] R) −1 R of Fradkin et Vilkovisky [35] , whose role is to insure the vanishing of the trace of the unrenormalised energy momentum tensor, as follows. The energy momentum tensor is defined by
Due to the conformal symmetry (4.9) of the vertices in Lagrangian (4.10), the trace of the unrenormalised energy momentum tensor associated with (4.16) must vanish. This is, in fact, the case, as can be checked by keeping the following two things in mind.
First note that the variation of √ −gC 2 mnpq and of √ −gGB in 4 − 2ε dimensions are non-vanishing and proportional to ε
Secondly, also note that the variation of the non-local term in (4.16) proportional to GB yields not only a local term proportional to GB, but also additional non-local terms. Figure 3 : Fermionic contribution to the mixed gravitational-Kähler anomaly These additional non-local terms are precisely cancelled against the variation of the terms involving the conformal scalar field Ψ of Fradkin et al [35] .
The renormalised trace, on the other hand, is non-vanishing and evaluated to be
which is the well-known gravitational contribution to the one-loop trace anomaly from conformal scalars and Weyl fermions [34, 36] . Note that the role of the local R 2 -term in (4.16) is solely to cancel against the 2 0 R-piece in the variation (4.19) of the
All local terms in (4.16) will be irrelevant in the subsequent discussion and so we will drop them.
Next, let us look at the graph in Figure 3 . It yields the fermionic contribution to the mixed chiral super-Weyl-Kähler-Lorentz anomaly. This graph can be evaluated [38] and the associated effective Lagrangian is found to be 
where the dots stand again for the additional terms involving Fradkin's et al conformal scalar field Ψ. Using the identities [23] Figure 4 : The anomalous mixed supergravity-Kähler-supergraph it follows that (4.22) is the component field expansion of the following superfield La-
The dots stand now for the terms involving the supersymmetric analogue Υ = 1 + [37, 39] of the conformal scalar field Ψ. These terms are given in [39] .
Now consider the term in (4.21) involving the Kähler connection a m . Such a component term is uniquely contained in the following superfield expressioñ
This superfield expression, on the other hand, arises when evaluating the supergraph depicted in Figure 4 . The result of such a supergraph calculation might, however, also yield additional terms proportional to G αα G αα andRR. G αα G αα andRR contain only CP-even terms in their highest components, that is, they do not containRR in their component expansion and, thus, they do not spoil the component result (4.21) . Then, the actual result of the supergraph calculation should read
where δ c and ζ c denote the two coefficients which we haven't computed. One can, however, argue that the two unknown coefficients δ c and ζ c have to be zero, as follows. Since the supergraph in Figure 4 is constructed out of conformal vertices only, one expects that the resulting expression should respect the conformal symmetry (4.9). Since the only superfield expression allowed by the conformal symmetry (4.9) is W 2 αβγ , one expects the result of this supergraph calculation to be given by (4.25) , only. Hence, we will in the following set δ c = ζ c = 0. It should also be pointed out that the conclusions contained in this paper remain valid even for non-vanishing δ c and ζ c .
Adding up (4.24) and (4.25) yields the supersymmetric mixed gravitational superWeyl-Kähler anomaly as
Its variation under combined super-Weyl-Kähler transformations
can be computed using the techniques in [39] , and it is found to be
We now turn to the mixed gravitational-σ-model anomaly which arises through the coupling of the fermionic current to the connection Z m given in (4.12). The associated anomalous component graph is the same as in Figure 3 with c m replaced by −3Z m . The associated anomalous supergraph is the same as in Figure 4 with K 0 replaced by −3lnZ, where Z is given by (4.8). Thus, the above result (4.27) can be readily extended to also include the contribution from the mixed gravitational σ-model anomaly. Collecting all the terms of interest and generalising the above results to also include any number of fields φ i yields
Lagrangian (4.30) contains the non-local 1-loop contributions to the gravitational couplings due to massless φ i fields in conventional superspace. We would now like to transform it over into Kähler superspace using the manifestly supersymmetric procedure introduced in [19] . Both formulations of supergravity-matter are related by particular superfield rescalings of the underlying torsion constraints [19] . This implies, among other things, that the superfields R and G αα of the conventional superspace formulation are related to the superfields R and G αα of the Kähler superspace formulation by [19] 
where we have added subscript c to L anom to indicate that this is the result associated with chiral supermultiplets φ. Using that 1 + 3β c − β , it follows that Lagrangian (4.32) can be rewritten as
Note that the coefficient of W 
which reproduces (4.29).
It is now not difficult to extend the above results to include gauge vector multiplets running around the internal loop [13] . The only graphs occuring now are the trace anomaly graphs (Figures 1 and 2 ) with a vector multiplet running in the loop. All other graphs are absent. Thus, the only changes are that the β and β ′ coefficients are now to be evaluated for gauge vector multiplets. Also note that, since the sigma-model Christoffel connection does not couple to gauginos, the lnZ i terms do not appear. The anomalous Lagrangian associated with vector supermultiplets running around the loop is then given by
where β v and β ′ v are the trace anomaly coefficients of (C mnpq ) 2 and GB respectively due to a single vector supermultiplet given by
where into (4.35) yields
Note that Lagrangian (4.37) reproduces the correct anomaly coeficient of W 2 αβγ . We now turn to the contributions steming from moduli fields running in the loop. In order to calculate these contributions, we first need to expand the Kähler potential K 0 (3.31) in powers of moduli quantum fluctuations δT I as
where K 0 is again evaluated at the classical background. Inserting (4.38) into the tree level Lagrangian (4.7) and keeping all terms up to quadratic order in δT I yields also contain an additional term proportional toRR. We will denote this contribution by γ T . There is also an additionalRR-contribution to the mixed gravitational-σ-model anomaly, which we will denote by υ T . Then, the moduli field contributions read
Finally, let us discuss the 1-loop moduli dependent contributions due to the supergravity multiplet and the dilaton multiplet. First note that both of them are present in any orbifold theory, and that their contributions are the same from orbifold to orbifold.
Thus, their contributions need not be treated separately, but rather can be combined together. Again, the associated supergraphs will not be of the conformal type. Consequently, their moduli dependent contributions, which we haven't computed, can be parametrised as follows
Let us now also take into account the Green-Schwarz mechanism which removes some of the above contributions [40, 5] . The Green-Schwarz mechanism makes use of two ingredients, namely the Green-Schwarz term and the tree level couplings of the dilaton multiplet to quadratic gravitational curvature terms as given in (3.36). As stated in section 3, (3.36) reflects the conventional choice of the tree level couplings of the dilaton and pressuposes that, in the S-matrix approach, there is a subtraction scheme which results in (3.34) and (3.35). As mentioned in section 3, we will throughout this paper stick to that choice. Then, the Green-Schwarz mechanism only affects the Gauss-Bonnet contribution and it removes an amount δ I GS from the Gauss-Bonnet contribution in (4.46). The new coefficients b I and p I in (4.43) then read [7] b
The coefficients δ I GS determine the Green-Schwarz term [40, 5] 
For orbifolds with N = 2 sectors, some of the coefficients b I (4.47) are non-vanishing [12] .
We will, in Appendix A, consider an example of such an orbifold with N = 2 sectors, namely Z 4 . There, we will show that the field theoretical calculation of the coefficient b 3 , associated with a complex plane for which there is an N = 2 sector, agrees with the string scattering amplitude calculation of [12] . Finally, we show in Appendix B that the coefficients b I − 8p I of the naked C 2 -term cannot be all set to zero in the Z 4 orbifold by an appropriate choice of the unknown coefficient ξ. Thus, assuming that there is no Green-Schwarz removal other than of a Gauss-Bonnet combination, it appears that the massless sector of an orbifold theory will in general contribute naked C 2 -terms to gravitational couplings.
Massive 1-loop contributions to gravitational couplings
In this section, we will consider a field theoretical toy model consisting of a massive chiral superfield with a moduli dependent mass, and parametrize its 1-loop moduli contributions to the gravitational couplings in a suitable way. We then turn to string theory and, much in the same spirit, introduce a suitable parametrisation of the 1-loop contributions of the infinite tower of massive string states.
Let us consider the following toy model in conventional superspace
Lagrangian (5.1) describes the coupling of a massive chiral superfield φ to supergravity in conventional superspace. Let us display some of the relevant bosonic component terms in (5.1). To lowest order in the background fields one obtains
where m(T ) = M(T )| has mass dimension 1. Similarly to the massless case, one again has to consider two types of graphs when calculating the 1-loop moduli dependent contributions from the massive superfield φ to quadratic gravitational couplings. The first type of graphs consists of the ones shown in Figures 1 and 2 , but this time with a massive field running in the loop. The second type consists of the graph depicted in Figure 4 with κ 2 K 0 replaced by κ 2 K 0 − 3lnZ, again with a massive chiral superfield φ running in the loop. We will, in the following, work in a low-energy regime, i.e. at p 2 ≪ |m( T )| 2 .
Here, we have expanded T around a vev T . In order to get a flavour for the terms appearing in the calculation of these graphs, we will in the following compute some of them.
First consider the two-point function shown in Figure 1 with two R-legs sticking out and scalar field A running in the loop. The relevant vertices are given by the term
6Ā
AR in (5.3). This particular graph can be readily evaluated and it is, in the regime 
and reverting to momentum space yields the following expression for the component
where ω = 2 − ε and where q 1 and q 2 denote the two incoming momenta and q 1 + q 2 the outgoing momentum. Also,p = q 1 x + (q 1 + q 2 )y andM
Integral (5.7) can be evaluated using standard techniques and yields
Working in the regime where q 2 ≪ |m T | 2 yields
Thus, the massive component graph 5 gives rise to a finite non-holomorphic contribution proportional to R 2 (x)K 0 (x). Similarly, replacing the FF-coupling to κ 2 K 0 by the FFcoupling to −3lnZ yields a local non-holomorphic contribution proportional to R 2 lnZ.
Both these terms are contained in the component expansion of
Note that the component expansion of (5.10) doesn't contain anyRR-terms.
The massive contributions given above, (5.5) and (5.10), are written in conventional superspace. These contributions have to be transformed over into Kähler superspace using (4.31). To lowest order in the background fields, the massive contributions we have singled out in the above discussion are in Kähler superspace again given by (5.5) and (5.10).
Let us now turn to string theory. Even though the simple field theory toy-model discussed above doesn't do justice to the complexity of string theory, it is nevertheless useful in that it points out two possible types of moduli dependent 1-loop contributions due to the massive modes, namely local holomorphic contributions proportional to the logarithm of chiral masses of massive string states as well as local non-holomorphic contributions proportional to the Kähler potential K and to the Kähler metric Z. Thus, it seems reasonable to parametrise the local 1-loop contributions due to the massive modes in string theory in the following way
Note that these are the only local terms quadratic in gravity and of massive dimension four which do not vanish in the limit of constant moduli fields T I . Also note that the non-holomorphic contributions in (5.11) can arise both asRR and G 2 αα -terms and that their component expansion does not contain anyRR-terms. L massive is of the type (3.38) discussed earlier. The sum in (5.11) over massive string states is to be thought of us being over a restricted set of massive states. For instance, it may be thought of as being restricted to untwisted massive states carrying internal winding and momentum numbers, with dimensionless chiral masses given by M(T I ) = n + imT I [41] . Then, the the T -plane and that it possibly vanishes at some points inside the fundamental domain, e.g. H(T ) ∝ (j(T ) − 1728) vanishes at T = 1. The zeros of H indicate that at these points some fields, which contribute to the thresholds, become massless. Thus, the sum of all massless and massive contributions can be rewritten as
where the requirement of duality invariance imposes the following relations
Note that (5.15) determines one of the heavy coefficients, namely ρ H , in terms of the light coefficient b given in (4.47).
Let us next choose a vev for the modulus T , T = T . Then, (5.14) turns into the local expression
In components, (5.16) reads
Rewriting this into Gauss-Bonnet and C 2 -terms yields
Hence, massless and massive contributions are of the same form for constant vev T .
Recall that, as discussed in section 3, the conventional choice for the orbifold tree-level Lagrangian (3.35) translates into the absence of tree-level couplings proportional to naked C 2 -terms. (5.18), on the other hand, shows that for constant moduli background fields one finds in general naked C 2 -terms at the one-loop level. As argued in the introduction, there is a priori nothing wrong with naked C 2 -terms in the effective orbifold Lagrangian.
On the other hand, it might turn out that in an actual string calculation the coefficient yields the following 1-loop moduli dependent corrections to the gravitational couplings associated with the untwisted T 2 -plane
where, to repeat, b and p are light coefficients given in (4.47), h is a light coefficient given in (4.45), and where β H denotes one of the heavy coefficients introduced in (5.11). It would, indeed, be of importance to compute these coefficients directly in string theory.
Thus, (5.21) shows that, even if there is exact cancellation (5.19) of naked C 2 terms for constant moduli backgrounds, such a cancellation will not hold anymore for arbitrary moduli backgrounds, and the effective Lagrangian will then contain C 2 -terms with both non-local and local moduli dependent functions.
Conclusion
We reviewed the manifestly supersymmetric procedure introduced in [13] for calculating mixed gravitational-Kähler and mixed gravitational-σ model anomalies in field theory. We applied it to Z N -orbifolds in order to calculate the 1-loop moduli dependent contributions to gravitational couplings due to the massless modes running in the loop.
We introduced a suitable parametrisation of those massless 1-loop contributions which we didn't compute explicitly, such as the one from the supergravity multiplet. Sticking to the conventional choice [17, 18] for the tree-level gravitational coupling of the dilaton, we then showed in Appendix B that the massless modes will, in general, contribute to a naked C 2 -term, that is to a C 2 -term which is not contained in the Gauss-Bonnet combination.
We then also introduced a suitable parametrisation of the moduli dependent 1-loop contributions to the gravitational couplings due to the massive modes. Such contributions may occur in two types, namely as local holomorphic contributions proportional to the chiral masses of (some restricted set of) massive states and also as local non-harmonic contributions to the gravitational couplings of R 2 and R mn R mn . Rewriting R mn R mn into C 2 and GB-terms shows that massive modes may contribute local non-harmonic terms to naked C 2 -terms. Imposing duality invariance of the threshold corrections allows one to relate heavy and light coefficients appearing in the parametrisation of the massive and the massless contributions, respectively. To repeat, we see no dynamical reason why the naked C 2 -terms due to massless and massive modes should cancel for constant moduli background fields. However, we have for completeness explored the conditions for such a cancellation. We have shown that, in the case of constant background fields, the contributions to C 2 coming from the massive modes can cancel against the massless contributions. However, in the case of non-constant moduli such a cancellation doesn't hold anymore, and the effective Lagrangian will then contain both non-local and local terms proportional to C 2 . Such terms are interesting in that they might have cosmological implications.
The twisted sector Θ 2 = ( 
